AM&{USLS 1

13 December 2023

Warm-up: Activity in hallway

with ««- - f — f" — --- papers.




L'Hospital’s Rule

o I Lim flx) = Ol Tim 2} ebiiben Tt T ¢
xX—a xX—a x—a & xX—a g/
0 3 :
o There are similar statements for *—, and for lim , and for lim.
o0 = x—+00

Taylor polynomials / Taylor series

n_ (k)
SP(x) - Zf @) (x — a)* guarantees that P(a) = f(a)

wrd andeP(a) = f'(a) and . 4D 2(a) = FN(q)

o0 £(n)
° Series: Zf @) (x —a)"

n=0




Task 1: Find the degree 3 Taylor polynomial of
f()C) T OS(ID(X)) £(x) = cos(ln(x))

around x = 1. 0 = ~stn(ln(x))
(k) T “CO;(:M(X)) + st{bn{x)
P(x) = Zf (1 )(x D)k £700) = _
=( k! IR i ]
3 “f(:") "P(ﬂ-) {”(1) "
VAN x : M:L) of (X"'l)z AF (1> (X""‘“l)*a
(x-1)3

Note: £ means §,
and 0! is 1.




Task 1: Find the degree 3 Taylor polynomial of
J(x) = cos(In(x))

around x = 1.
1 1 _
PO =1 - E(X“"J-)Z 3 E(x-"l)‘?’
Task 2: Use this polynomial to approximate the number cos(In(1.2)).

PiE.2) Sl %(1‘2“1)2 - %(1‘2‘“1)3
0.04  0.00%

o

R R

The exact value $£(1.2) = 032’345..., sc» 094% is a gqood approx-
imation, Some calculators a&%uatlfj use Tavtor wajmammi.s (wikh
very high deqree) when asked for “cos” and “ln” values.
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(This whole slide is not required for this class. It's just a neat application.)
Taylor series also appear as “generating functions” when studying sequences.

Example: Fibonacci 1,1,2,3,5,8,13,21,34,55,...hasa,=a, +a,_ .
By working with

0

f(x) = Z a.x"=x+ x>+ 23 +3x* 50008 L 135 4.0+
n=0
it is possible to show f(x) = —— and then use that to prove
x2+x—1
1+4/8
1 1445\ [1-4/5\n Note 5 are the
an_ﬁ ( . )_< 2 ) ' rooks of x2+x - 1,



Anki-derivalbive

An anti-derivative of f is a function whose derivative is f.
So “F(x) is an anti-derivative of f(x)” means that F''(x) = f(x).

Example: Each of the following is an anti-derivative of 2x:

@xz
o x4+ 1
o x> D8

1 x2+\/§

o x2—0.387



Describe all anti-derivatives of 10x*
° That is, describe all functions F(x) that have F'(x) = 10x*.

%5 + any cownstank

its common ko wrike Ehis as 2x5 + C.



Nobation (how to write wakh)

Newton

Leibniz

Euler /

Lagrange

Derivative

of f

f

df

dx

Fror fO

‘Anti-derivative

of f

[fdx

All the ways of writing
derivatives are still
common today.

Only ffdx IS common

for anti-derivatives. We
will talk more about this
notation later.



Give a formula for an anti-derivative of Back of paper from warm-up:

o JOxt e s 2% S Nawe / ID

o i

o x—15 Pick ONE of these
o I and write an

Fa anti-derivative,

77 In(x) Answer: x Lu(x) = x. But this is koo hard for now,
o sin(x)
o COSs(x)

Yo cos(x?) Literally impossible (for anyone, forever).



The area of a rectangle is length times width.
What about other shapes?

It is often important to calculate the area “under y = f(x)”.
What does this mean?

e Often this looks like ‘ { E or like \:&E(a < x<D).

o However, the standard meaning of “area under y = f(x)” is
that when f(x) < O we count this as “negative area”.



|

Example: The “area under y = 2—5x fromx =0tox =4"is

(height)(base)
= H{4)R) = 4

Example: The "area under y = )—~xfromx=0tox = 6"is

1 1
LANR) + H(-1)2)
=4 =-1=3

2.0
1.5
1.0

0.5

-0.5

-1.0



We write

b
“‘the integral of
L e ffromatob’

for the area under y = f(x) between x = a and x = b.

[ Gt = 4 [ ¥t =




The areaundery =3 ory =Xxory = 2—%x can

be calculated using rectangles and triangles.

The area under y = x*fromx = 1 tox = 2 is

2
J' xZdx,
1

but what is this number?

For more complicated functions, we can approxi-
mate the area under y = f(x) with rectangles.




: k
The area J x’dx is approximately 2 ( G e
: ey 10

k
is exactly lim 2 ( —)2.
n

k—l

o With some work is possible to show that
Z": 1 (1 4 k)z _ 14n° +9n+1

2
PR L n 6n
14 7
so the area Is il = 5

o But there is a much easier way!

)2 and

1.5

2.0



Area from amti-derivatives

Instead of using a limit of a sum, there is a very nice way to compute area
under a curve using an anti-derivative:

B Norvie yeans

The Fundamental Theorem of Calculus Fsitattats

Fack about
Anaivsis"

b
If is continuous, then[ f(x)dx = F(b) — F(a),

where F(x) is any function for which F'(x) = f(x).

Because integrals “undo” derivatives, they appear Voltage =
in many places in science and engineering. WOTK = f ~ Adx
impulse = | F A
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To calculate [ x? dx exactly, we need a function
1
whose derivative is x°.

® The fact that %(xz) = 2x does not matter.
We need the opposite idea.

F(x) = x3 satisfies F’ = x2

1 1 7 |

b
J Jx)dx = F(b) — F(a)

with F' = f




